Brane in 6D and localization of matter fields 
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A new solution to Einstein's equations with a negative bulk cosmological constant in infinite 
(1 + 5)-spacetime is found. It is shown that the zero modes of all kinds of matter fields and 4-gravity 
are localized in (1 + 3) subspace by the increasing and limited from above warp factor. 



It is believed that the idea of extra dimensions would be one of the most attractive ideas concerning unification 
of gauge fields with general relativity. Lot of attention has been devoted recently to alternatives of Kaluza-Klcin 
compactification . Large extra dimensions [1, 2] offer an opportunity for a new solutions to old problems (smallness 
... of cosmological constant, the origin of the hierarchy problem, the nature of flavor, etc.). In such theories our world 
can be associated with a 3-brane, embedded in a higher-dimensional spacetime with non-compact extra dimensions 
and non-factorizable geometry. In this scenario, it is assumed that all the matter fields are constrained to live on the 

3- brane and the corrections to four dimensional Newton's gravity low from bulk gravitons arc small for macroscopic 
scales. But this models still need some natural mechanism of localization of known particles on the brane. The 

Oh. solutions to Einstein's equations in extra dimensions and the questions of matter localization on the brane have been 
investigated in various papers [3, 4, 5, 6, 7]. In our opinion the localizing force must be universal for all types of 

4- dimcnsional matter fields. In our world the gravity is known to be the unique interaction which has universal 
coupling with all matter fields. If extended extra dimensions exist, it is natural to assume that trapping of matter on 
the brane has a gravitational nature. In the present paper our world is considered as a single "fat" brane with the 

' proper stress-energy tensor embedded in (1 + 5)-spacetime. It must be noted that the (1 + 5)-spacetime is of special 
importance to physics. That comes from the observation that logarithmic gauge coupling unification may be achieved 
(yT) • in theories with two large spatial dimensions [8] . The logarithmic behavior of the Green's functions in effectively two 
dimensions has a chance of giving rise to logarithmic variation of the parameters on the brane, thereby reproducing 
. the logarithmic running of coupling constants. 

In this article for the infinite (l+5)-spacetime with a negative bulk cosmological constant we present the new 
solution to Einstein's equations with the increasing and limited from above warp factor and show that the zero modes 
of all kinds of matter fields and 4-gravity are localized on the 3-brane. 

Let us begin with the details of our solution. In 6D the Einstein equations with a bulk cosmological constant A 
and stress-energy tensor Tab 
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Rab - -9abR = jj^iAgAB + Tab) (1) 



X 
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can be derived from the whole action of the gravitating system 

(2) 



S = I d 6 x^g~ ' 



— (R + 2A)+L 

Rab i Rj M and L are respectively the Ricci tensor, the scalar curvature, the fundamental scale and the Lagrangian of 
matter fields (including brane). All of these physical quantities refer to (1 + 5)- space with signature (H — •••—), capital 
Latin indices run over A, B,... = 0,1,2,3,5,6. Suppose that the equations (1) admit a solution that is consistent 
with four-dimensional Poincare invariance. Introducing for the extra dimensions the polar coordinates (r, #), where 
< r < +oo , < 8 < 2ir , the six-dimensional metric satisfying this ansatz we can choose in the form [5] : 

ds 2 = 4> 2 {r)r] ar3 (x l ')dx a dx p - dr 2 - g{r)d0 2 , (3) 

where small Greek indices a, (3, ... = 0, 1, 2, 3 numerate coordinates and physical quantities in four-dimensional space, 
the functions 4>(r) and g(r) depend only on r and are cylindrically symmetric in the extra-space, the metric signature 
is (H — ... — ). The function g{r) must be positive to fix the signature of the metric (3). 

The source of the brane is described by a stress-energy tensor Tab also cylindrically symmetric in the extra-space. 
Its nonzero components we choose in the form 

1? = #F (r), T r r =T e e =F{r), (4) 
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where we have introduced two source functions -Fb and F, which depend only on the radial coordinate r. 

By using cylindrically symmetric metric ansatz (3) and stress-energy tensor (4), the Einstein equations become 

where the prime denotes differentiation dj dr. The constant A p h ys represents the physical four-dimensional cosmolog- 
ical constant, where 

In this equation R^fy, R^ and Mp are four-dimensional physical quantities: Ricci tensor, scalar curvature and Planck 
scale. 

In the case A p h ys = from the equations (5), (6) and (7) we can find 

F'+A^-(F-F ) = 0, (9) 

(P 

g = S<j)' 2 , 5 = const > 0, (10) 

<£ + «£~> + A,. (U) 

The (9) represents the connection between source functions, it is simply a consequence of the conservation of the 
stress-energy tensor and can be also independently derived directly from DaT^ = 0. 

Suppose F(r) = e<f) 2 + p<j>, where e and p are some constants. Then taking the first integral of the last equation 
[4], we get 

^'O'+sH^ ,i2) 

where we have introduced the parameter 

and C is the integration constant. Setting C — and introducing boundary conditions at the origin and at the infinity 
of transverse space 

C=o - !> 0lr=+oo = const > 1. ( 14 ) 

in the case 

A<0, e<0, p=12^, (15) 



we can easily find the solution of the equation (12) 



(a + e VKr ) 
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where the parameter a is small 

'k << L (17) 

This solution gives the warp factor (j) 2 (r) growing from value (1 + a) -1 at the origin and approaching a finite value 
or 1 at infinity of transverse space. 

With our metric ansatz (3), the general expression for the four-dimensional reduced Plank scale -Mp, expressed 
in terms of M, is 

Jo ^ io 3 V (1 + a 3 )/ 

In the case (17) when a is small, we have 

Ml = ^^A/ 4 a" 3 . (19) 
3 

The inequality Af <C Mp is possible by adjusting M 4 and the product of ^/S by a -3 , and thus could lead to a solution 
of the gauge hierarchy problem along the lines of [2] . 

A first step in constructing a low energy effective theory is an analysis of the spectrum of small perturbations 
around the solution (16). Consider the spectrum of small fluctuations of metric, gauge and scalar fields and fcrmionic 
excitations near background [7] . An effective 4-dimcnsional low-energy theory could arise if the following conditions 
are satisfied: (i) the spectrum contains normalizable zero (or small mass) modes of graviton, gauge, scalar and fcrmion 
fields, with wave functions of the type exp (ip a x a ) tjj(r, 9); (ii) the effects of higher modes should be experimentally 
unobservable at low energies. 

We start from the spin-2 metric fluctuations -ff M „ 

ds 2 = {<f> 2 (r)r) a p(x v ) + H aP } dx a dx (i - dr 2 - VS(/)' 2 d6 2 . (20) 

From the 4-dimensional point of view they are described by a tensor field which is transverse and traceless: 

8^=0, H» = 0. (21) 

This tensor is invariant under 4-dimensional general coordinate transformations. For the fluctuations we can take the 
following form 

H af3 = K^x") r m (r) exp(M)- (22) 

ml 

Separating the variables in the equations of motion for linearized metric fluctuations (22) it is easy to find the equations 
for the 4-dimensional h a 0{x u ) and the radial r m (r) modes 

8 2 h^(x a ) - m 2 h^(x a ), (23) 



0V)^(r) + U^rWir) + ^7^) = ™ 2 T m (r), (24) 



where 



2 2 I 4> 2 {r) , , 

m 2 =m 2 Q + l 2 ) '- 25 

m 2 in (25) contains the contributions from the the orbital angular momentum I in the transverse space. The differential 
operator (24) is self-adjoint. It is easy to see that the equation (24) has the zero-mass (jtIq = 0) and s-wave (Z = 0) 
constant solution r = const. Substitution of this zero mode into the Einstein- Hilbcrt action leads to 



S* (0) = t 2 I drdO^Q^- I d^x^d^h^dph^ + ... = (26) 



4 



2ttVSt 2 / cj> 2 d<i) / d i xy/^jd h^d /3 h fiv + 



(27) 



(l+a)- 1 



2ttV^ 2 -3 ( , a 



(1 + a)' 



(28) 



The localization condition requires the integral over </> in (26) to be finite, as it is actually (28). A wavefunction in 
flat space can be defined as 



3fca 3 



(29) 



so the zero-mode tensor fluctuation is localized near the origin r = and is normalizable. The contribution from the 
nonzero modes will modify four- dimensional gravity. It is easy to show [6] that this corrections are suppressed by 



O 



y r 3 and their effect on flat 4£>-space is weak. 
Now let us consider the action of a massless real scalar field coupled to gravity: 



from which the equation of motion can be derived in the form: 

1 



-.0 



A I 



Sgg MN d N $)=0. 



In the background metric (3) the equation of motion(31) becomes: 
Let us look for solutions of the form $ (x M ) — "f"^ ^ - '^^ iW 



(30) 



(31) 



(32) 



(x^) Pm {r) e , where the 4-dimcnsional scalar field satisfies 



Klein-Gordon equation rf iV d^d v v (x a ) = m^v (x a ), then for the radial modes p m (r) we have equation 



d r (^cb'drPm (r)) = <£' 1 (ml + -^l 2 ^j Pm (r) 



(33) 



It is clear that this equation has the zero-mass (mo = 0) and s-wave (I = 0) constant solution p m (r) = p$ = const. 
Let us substitute the zero mode po into the starting action (30) and check if the constant solution is a normalizable 
solution or not. With <f>n (x A/ ) = v (x^) po, the action (30) can be cast to 



-- J drdeVS<p 2 cj)'p 2 J d 4 xyf^}r] u ^d v v {x a ) d^v (x a ) 



(34) 



(35) 



-7rVSp 2 J (j) 2 d(j) \ tfxyf^jrfv-dvv (x a ) d u v (x a ) 

(l+a)- 1 



(36) 



n ^ 2 -3 I 1 

■^^p> 1 - 



1 + a- j 



d i x y /= v ~T 1 ^d„v (x a ) d^v (x a ) . 



(37) 
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As in the previous case the localization condition requires the integral over <j> in (36) to be finite, as it is actually. So 
the 4-dimcnsional scalar field is localized on the brane. 
Let us start with the action of U(l) vector field: 

S F = -\J d & x^~gg AB g MN F AM F BNl (38) 

where Fmn = 9m An — &nAm as usual. From this action the equation of motion is given by 

^=3 M (V^~gg MN g RS F NS ) = 0. (39) 

For the metric (3) this equation becomes 

^ v 9 RT F vT ) - d r {^'g RT F rT ) - ^g^deFer = 0. (40) 

By choosing the gauge condition Ag = and decomposing the vector field as 

A ll (x M )=a fl (x»)^a m (r)e iW , (41) 

l,m 

Ar(x M )=a r (xnJ2 a m(r)e iW , (42) 

£,771 

it is straightforward to see that there is the s-wave (I = 0) constant solution a m (r) = <tq = const and a r = const. In 
deriving this solution we have used 9 M a M = <9 M = with the definition of = d^a v — d^a^. As in the previous 
cases, let us substitute this constant solution into the action (38). It turns out that the action is reduced to 

4 0) = -\ J d\^gg AB g MN FMl = (43) 



JV5 / dcp fd 4 x^V7l2f = (44) 



2 VU / "VI" ■"V '/'/ '/ Jan J (3 

(1+a)- 1 



(45) 



Thus, the vector field is localized on the brane. 

For spin 1/2 fcrmion starting action is the Dirac action given by 



5* = J <Pxy/^°gVi (T M D M + m) (46) 

from which the equation of motion is given by 

= T M D M ^ = (VDf, + Y r D r + T e D g + m) <J. (47) 

An important feature of the action (46) is the existence of mass term but we do not argue the origin of the term 
at present. The relations between the curved-space gamma matrices ({r A ,r B } = 2g AB ) and the minkowskian ones 
({l A ,J B } = 2">1 AB ) rc ad as follows: 

r^ = -t-y\ r'' = 7 r , r e = -^L_y. (48) 

The spin connection is defined as 

J™ = _ g Nh N^ l h SN (g^M _ g^ _ 
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-\h PM h^ (d P h Q ~ R -d Q h P ^ hi, 



where M, N, ... denote the local Lorentz indices. The non-vanishing components of the spin-connection for the 
background metric (3) are 

^ = 0'<f, u,f = Vd4>". 

Therefore, the covariant derivatives have the form 



After these conventions are set we can decompose the 6-dimensional spinor into the form \P (x M ) = ip (x^) A (r) e * W ■ 
We require that the four-dimensional part satisfies the massless equation of motion j^d^ijj (x@) = and the condition 
T r ip (x^) = ip (x^). As a result we obtain the following equation for the s-wave mode 

( dr + 2 J + l^ +m ) A{r) = °- (49) 

The solution to this equation reads: 

A{r) = C<?rV-3e- mr , (50) 
with C being an integration constant. Substituting this solution into the Dirac action (46) we have 

S { ° ] = [ d & x^g^ iT M D M ^ = (51) 



2ttVSC 2 



dre 



-2m.r 



(52) 



= 2ttVSC 2 (— + X —= ) [ d i x^j$iYd, L i> + - ■ (53) 

\2m 2m + y/kj J 

In order to localize spin 1/2 fermion in this framework, the integral over r in the equation (51) should be finite. But 
this quantity is obviously convergent. 

To summarize, in this Letter we have presented new solution to the Einstein's equations in the (1 + 5) -spacetime. 
These solution is found for the negative bulk cosmological constant A < and it has increasing scale factor <j> (r) and a 
convergent volume integral, although the transversal 2-space is infinite. In addition for our solution we have presented 
a complete analysis of localization of a bulk fields at the origin in the extra space. 
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